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InTRODUCTIOxN. 

§ 1. In Vol. XX. (1872) of the Proceedings of the Eoyal Society (pp. 16 0-^1 6 8) is 
a beautiful paper by the late Professor Clerk Maxwell giving an investigation of 
the induction of currents in an infinite plane sheet of uniform conductivity. For the 
purposes of the investigation the sheet is supposed infinitely thin ; and when it is at 
rest and influenced by a varying external magnetic system, the effect of the currents 
induced in it is found to be equivalent to an infinite train of images, at the sheet, of 
the external system, which, after being formed, move off to infinity with uniform 
velocity. When the external system revolves uniformly round an axis normal to the 
sheet, the effect is shown to be the same as if the sheet itself revolved round the axis 
and the magnetic system remained fixed. The images will then lie in a spiral trail 
in the form of a helix whose axis is perpendicular to the sheet. This theory was 
afterwards reproduced in his ' Treatise on Electricity and Magnetism,' and the latter 
part proved directly from the equations. The analysis there given is somewhat 
difficult to follow, though it is doubtless possible to present it in a more logically 
exact form. 

The problem of the induction of currents has also been treated by Felici 
(Tertolini's 'Annali,' 1853-54) and by Jochmann (Crelle, 1864, and Pogg. Ann., 
1864). JocHMANisr has solved the case of a sphere which rotates uniformly in a 
magnetic field symmetrical about the axis of revolution and finds that no currents 
will be generated in it, but that there will be a certain distribution of free electricity 
throughout its interior and over its surface. He has also handled the case of an 
infinite plate of finite thickness, which revolves uniformly round a normal, by 
neglecting the inductive action of the currents on themselves, and shows that the 
conditions of the problem may then be satisfied by a system of currents parallel to 
the faces of the plate ; he has also traced the forms of the current and equipotential 
lines in some simple cases. The solution, however, as Maxwell has shown in the 
case of a thin copper disc, can be true only for veiy small values of the angular 
velocity. 
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Helmholtz, in an elaborate memoir on the '^Equations of Motion of Electricity/' 
in Crelle's Journal (vols. 72, 78), has given an exhaustive analysis of the conditions 
v^hich have to be satisfied in any problem regarding the movement of electricity, and 
has proved very clearly that the solution of any problem is unique ; but he has not 
dealt with any special case of the problem of induced currents. 

Maxwell's investigation remains up to the present, so far as I am aware, the only 
case in which the complete solution of any case of induction has been published. 

German writers on current electricity have usually adopted some form of the theory 
of action at a distance between the elements of diiferent currents, and the free elec- 
tricity is conceived as a scalar quantity distributed with a certain density throughout 
the interior and over the surface of conductors. Maxwell's theory, which is adopted 
in the present paper, though it leads generally to similar equations, differs notably 
from the other in both these respects. The enei-gy is supposed to be seated every- 
where in the surrounding medium, and the free electricity is the convergence of 
a vector quantity termed the electric displacement. The total current, to which 
electro-magnetic phenomena are due, is compounded of the current of conduction and 
the time-variations of the electric displacement. Owing to this peculiarity of the 
theory, the conditions to be satisfied at the surface of separation of two substances 
will differ fronj those given by Helmholtz. I have therefore analysed them some- 
what fully : taking firsts for the sake of generality and the simplicity which it gives^ 
the most general case of two substances in which both the conductivity and specific 
inductive capacity are to be retained. We can then deduce the conditions at the 
common surface of two conductors, or of a conductor and a dielectric, which is the 
case with which we have to do. 

One special result of these conditions is that when the vector potential, at the 
surface, due to all the currents or magnets in the field is at each point perpendicular 
to the surface of the conductor, the electric potential will vanish everywhere, and 
there will be no free electricity present- either in the conductor or on its surface. 

This happens in the case of an infinite plane plate of any thickness. The vector 
potential (or electro-magnetic momentum) is then everywhere parallel to the surface 
of the plate, and is derived by vector differentiation from a function P; the current 
in it is also everywhere parallel to the surface and is derived from a single current 
function #. It also appears that P is the potential of imaginary matter distributed 
with density # ; and, during the decay of the currents, P satisfies an equation of the 
same form as that which regulates the diffusion of heat throughout a solid. 

When the plate is infinitely thick there will be no reaction in the inducing system ; 
but when it is very thin, the effect will be that given by Maxwell as already 
explained, The general formulae in this case reproduce his results. 

For a solid sphere or shell bounded by two concentric spherical surfaces, the vector 
potential and current are everywhere at right angles to the radius vector to the 
common centre, and their values may be derived from two functions, P and #, which 
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are related to each other as in a plane plate ; during its decay also, P follows the 
same law as in that case. 

When the shell is infinitely thin, the effect, on an external point, of the currents 
excited in it may be represented by the following system of images, which constitute 
a generalisation of those of Maxwell. Divide the time into an infinite number of 
equal intervals, and at the commencement of any of these let a positive image of the 
system be formed in the place occupied by its electric image at the surface. Let the 
parts of this image move towards the centre in straight lines so that the logarithmic 

decrement of their distances from the centre is constant and equal to ~z — (R being; 

the resistance of the shell and a its radius), and let the intensity of the image increase 

at each point with a constant losfarithmic rate z — • At the end of the interval let an 

exactly equal but negative image be formed in the place of the former and move 

towards the centre in the same manner, and let these operations be repeated at the 
commencement and end of every interval during which the external system is varying ; 
the action of the sheet on external points will be that due to the above train of 
images. The action on a point within tbe sheet may be represented in a somewhat 
similar manner. 

When the shell possesses a finite thickness, or is a solid sphere, it is not possible to 
express its effect so simply. The variations in the external system produce continually 
new systems of currents, the law of whose decay may be exhibited by expressing P in 
a series of terms containing each the product of a tesseral harmonic, a " spherical '' 
function of the radius, and an exponential e""^^, the coefficients of which are to be 
fou^nd by known methods. 

When the shell degrades into an infinite plate, the '^ spherical '^ function becomes 
an exponential or circular function, and the tesseral harmonic becomes the product of 
a factor cos m(f) or sin m(j> by a Bessel^s function J^(/c/>). The coefficients might then 
be found by means of Netimann's theorem for. expanding /(cc, y) in Bessel's functions ; 
but their deduction from the corresponding problem of spherical harmonic analysis 
throws an interesting light upon Neumann's expansion, and especially on the meaning 
of the symbol oo in the limits of integration. 

When a symmetrical conductor revolves uniformly about its axis of symmetry for 
a sufficient length of time, the currents and electric distribution become steady, and 
the total currents are then identical with" the currents of conduction. In the case of 
a plate or spherical shell, the vector potential and currents are expressible in the same 
manner as before in terms of two functions P and 4>, which are still related to each 

other as formerly. The equation which now determines P is ~~V^P=(o , . . 

^ ^ 4:7r dcf) 

The general results of calculation verify Maxwell's theorem of the spiral trail of 

images due to an infinitely thin plate. The theorem is also extended to a sphei-ical 
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current sheet ; the trail here becomes conical, the locus of points in it, which corre- 
spond to a given point of the influencing system, forming a curve which would 
become portions of an equiangular spiral, if the cone on which it lies were developed 
on a plane. 

The determination of the coefficients in the problems having reference to a sphere 
or spherical shell depends on the elementary formulae of reduction of the spherical 
functions. By adopting a particular mode of constructing the theory of these 
expressions, it is possible to obtain the necessary properties almost immediately from 
the definitions : a short sketch of the subject is therefore given, confined, however, to 
the results which are necessary for the subsequent analysis. 
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General equations, 

§ 2. The general equations of the field in Maxwell^s theory are expressed in 
terms of 

The electro-magnetic momentum at a pointy F, G, H 

The magnetic induction 

The magnetic force 

The total electric current 

The current of conduction 

The electric displacement 

The electromotive force' 

The velocity of a point 

We have also the following scalar quantities^ 

The electric potential i//. 

The magnetic potential Xl, 

The conductivity for electric currents C, 

The resistance to conduction, cr==", 

\j 

The dielectric inductive capacity K, 

The free electricity at any point in the substance of the conductor e 

per unit of volume, on the surface e' per unit of area. 

. Since the dielectric surrounding the conductors is air, we may treat the magnetic 
induction and magnetic force as identical, and we may put 

dn. dijr Q / ^ \ 

ay dz 
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The total electric current u, v, w is connected with the magnetic force by equations 
of the fornij 

47rM=- r-- &c , (2) 

ay dz ^ ^ 

and satisfies the equation of continuity 

du dv y^dw 

dx dy dz 

If we put 

df df dg dh 

dm dy dz dt ^ ^ 

expressing that the loss of electricity by conduction through the faces of an element 
is equal to the loss of free electricity in the element, a result which may be taken as 

self evident. 

K 
If we put, with Maxwell, j9:=CP,/=j~*Pv&c., this equation may be written 



If €a be the initial value of €, 






€=€Qe ^''k^ 



showing that any initial electrification will rapidly disappear in a conductor for which 
K is small compared to C. When the substance does not conduct w^e shall have 
€=€q; so that if we suppose air and other non-conductors initially uncharged, they 
cannot acquire any charge. 

The equations which determine the vector potential or electro«magnetic momentum 
in terms of the current are 

47rJ T 



'W=-r-\~dx^dy^dz\ &c.^ 



where r=\/(x— a>^)^+(^— 2/^)^+(2^— 2^')^ and the integrations are to be extended over 
all space where there are currents, whether these be currents due to conduction, or 
time-variations of the electric displacement. F, G, H are thus the potentials of 
distributions of imaginary matter of finite density ; and, therefore, in crossing the 
surface which divides two substances in the field, we shall have 
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F =F, G 

dF dr da 



G\ H 

dG' dB 



cZN d^' d^ d^' (^N" 



dW 

'dN' 



> 



(4) 



F', G'', H'' being the components of the electro-magnetic momentum in the second 
substance, and dN an element of the normal drawn from the first into the second. 

The other boundary conditions are more difficult to recognise. Let us first confine 
our attention to the common surface of separation of two substances at rest. In the 
first the equations of electromotive force are 



P= 



Q 



E 



^F df 

dt dx 

dGr d'\}r 

dt dy 

dH d'\{r 

dt dz 



> 



(5) 



with similar equations for the second. Let I, m, n be the direction cosines of the 
normal (N) at any point, and let ;fp^=?F^-mG+^^H ; then, since 

»=(c+£ I) P' *"- 

and, for the second substance^, 

' ' \ ^ 4:7r dtj dt \ 4:7r dtj dl^ 

The condition of ^^ continuity ^^ at the surface requires that 



lu + mv + mv = lu' + mv + n w\ 



and therefore 



^ c-a+ 



^ K-KA d 
47r dt 



dt ^\ ^47r dtJ dN \ ^47r 



K' d\d^!r' 



1-^ = 
dtJ dN 



■ . (6) 



The free electricity e at the surface is given by 



dt d^J \ dt c^N 



(KC-K'C„C-C+,5-?:)|)-(i-«' 



• • (6.) 
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(a.) When both the substances are good conductors, we may take K=IC'=0 ; the 
equations then become 



e'=0 






> 



(7) 



(6.) When the first substance is a conductor and the second a non-conductor (air), 
we shall have K=0, C^=0; the equations are then, electro-magnetic measurements 
being still employed, 



, / K' d\-yd,^ dr 



> 



(8) 



But K' is infinitely small compared to C ; and therefore, if we write (e') for the 
electrostatic measure of e', we shall have 



dt ^^N 



4T7(e') 



d:^~'(m 



(9) 



We may derive an important corollary from these results. 

If dF is always =0 at the surface of the conductors (as will be the case in the 
following problems), we shall have 










(10) 



But from equations (5), remembering that €=0, we derive 



V^^=0, where v^=£,+^+|, 



« « « 



« « » » lJ.xl 



within the conductor, therefore, xjj is everywhere zero ; and since xfj' always satisfies the 

equation v^t|/'=0 outside the surface and is izero at every point of it, it follows that \}j' 

is also everywhere zero, and there is no free electricity either within or upon the 

conductor. 

Let us now collect the results of the above discussion, so far as it relates to a 

conductor disturbed by the introduction or variation of a magnetic system in a space 

1 
surrounded by air ; putting K = 0, and writing cr for ~, 
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{!.) Within the conductor 

— V F = — ^ 

47r dt dx 

a o^ dQ d'4r 

T7 H-jr :zzi — — — ~ 

4:7r dt dy 

— V H= — — ^ 

4:7r at dz 

(2.) Outside the conductor C'=0, and W may be neglected ; therefore 

v^r=o, V^G=0, V^ff=0, 

(e''=z: electric density outside). 
(3.) At the surface of the conductor 

^6^N"~c^N' 

(4.) When ^^=0, i|;=0, t/;'=0, e^=0, and the currents are confined to the 
conductor. 

When the conducting substance is moving in any manner, the equations of electro- 
motive force are (Maxwell, Vol. II., Art. 598) 

'^y^ ^ dt dx ^ 

^ • • dGr d^lr 

dF dQ rZR 
If we differentiate these with respect to x, yyZ and add, putting for ~7~+T^+7~^ 

its electrostatic value 47r(e), we find 

=:^ — — (t^iZJ+'y2/+t(;2;)+2(acoi+i8cu2+y^3)"^ V'^t/^ . . . . (12) 
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• • • 
where coj^, co^, cog are the angular velocities of the element at x, y, z. We cannot, 

therefore, look upon t// as the potential of free electricity ; in fact it is easy to see that 

there will be no free electricity inside it, just as when it was at rest. If the conductor 

be symmetrical about an axis, and revolve about it sufficiently long for the currents to 

become steady, the total current will become identical with the conduction current, and 

there will be no flow across the surface. We may then take at every point of the 

surface 

The triple integrals in the expressions for F, G, H are then to be taken only 

d'E 

throughout the conductor, and we shall have as before ¥ and -r^, &c., continuous in 
passing across the surface ; and outside, F, G, H satisfy the equations 

V^F=0, v^G=0, V^H=0. 

The special problems which are solved in the present paper depend for their solution 
on certain properties of the vector potential ; and it will therefore not be out of place 
to devote a little space to their preliminary discussion. We shall thereby gain a 
clearer insight into the subsequent analysis. 



The vector potential, 

§ 3. (A.) We shall first examine the nature of the vector potential inside a space 

due to magnets or currents outside that space. It is connected with the magnetic 

potential £1 by the equations. 

la\ dH. dOc dn 



dy 


dz 


dE 

dz 


d^ 

dx 


rZG 


dE 



(JjtAJ 

dfh 

k 

dI2 



dx dy dz 



(13) 



and it is clear that, if we can find one set of values F, G, H satisfying the equations 
when fl is supposed given, the complete values will be 

F+^ G4-^ H4-^ 

where x is an arbitrary function of x, y, %. It is therefore necessary for our purpose to 
find one solution only. 

mDCCCLXXXI, Zi T 
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If we can express O in the form 



X2=.(A#+B^+C:f )P 

ax ay dz, 



(14) 



where P satisfies the equation v^P=0, the equations are satisfied by 



and, in particular, if 



dy 



dz 

G = (cf^-A4lP 

dx dz. 



> 





\ dy dx 


a— 


dP 

dz 


F- 


dv ^ dx ' 



(15) 



> 



= 



(16) 



These expressions (15) may be easily verified by actual differentiation, taking account 
of V^P=0, and may be looked upon as a generalisation of the equations given by 
Maxwell ('^Electricity,' Art. 405). They give additional interest to his expression for 
a solid negative harmonic 



^dx ^dy ^dz, 



A — -LB—j-n — 

do: dv dz 



and in forming F, G, H any one of the n factors may be chosen to furnish A, B, C ; 
the results obtained by taking two different factors diflPering by quantities of the form 

V J -r^5 75 a.s I have verified. When II is a solid harmonic of positive desrree, it is 

dx' dy' dz' r & ? 

more convenient to use the simplified form (16), and in the case of a tesseral solid 

harmonic, the results of differentiation give rise to a series of very interesting 

theorems, which, however, do not interest us at present. 

It will be observed that the expressions given for F, G, H satisfy the equation of no 

convergence 

dY ^G ^H___ 

dx dy dz 

(b.) When we use semipolar coordinates p, 0, z, given by 



x=p cos cf), y=p sin cf) 



(17) 
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the equations (13) transform into 



dR 


d.pG 


dn 


pd(p 


pdz 


dp 


dF 


dR 


dn 


dz 


dp 


pd<p 


d.pGr 


d¥ 


dn 



^ 



pdp pdcfi 



dz 



* 9 



(18) 



-^ 



Here F, G, H are now the resolved components of F, G, H in the p— , <^— , z — 
directions, and. the equations are obtained by resolving the two sides of equations (13) 
in these directions. The expressions on the left hand sides of the above equations 
are most readily recognised by observing that, when they vanish, we must have 

[Fdx-\-Gdy-}-lldz='] Ydp-^-Opdcfy-^-Hdz 

an exact differential. The equations themselves are satisfied by 



dz 



> 







• t 



« ft • I X t7 / 



and the condition of no convergence 



1 d.pY , dG , dR >' n 1 

' 7~+ 7 , + — -= 0, is satisiied. 

p dp pd(p dz 

(c.) If we employ polar coordinates r, 6, ^ 

lFdx+Gdy+Rdz]=¥dr+Grdd+lI.r sin Odcj) 
and the results of transforming the coordinates are obviously 



'd.r sin ^H d.rG^ 



r^ sin 6\ d0 dtj) 

1 /d¥ d.r sin ^H' 



dn 

dr 

dn 



~\ 



r sin $ \d(f> 

1/d.rQ^dF' 
r \ dr dd 



dr 



rdd 



dn 



r sin 6d(l> 



» % • 



• (20) 



These equations are satisfied by 



2 2' 2 
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dr 



Xl=-(rP), v^P=0 

d^ 



F=0, G= : 



H, Cv JL 



/*"• • • » • • • \iJ X. ) 



and may be readily verified by substitution and actual differentiation, as in the former 
cases, observing that v ^P=0. They coincide with the expressions given by Maxwell 
(Vol. II., Art. 671), and before him by Jochmann ; they likewise satisfy the condition 
of no convergence, which in this case is 



1 dFr^ 



d. sin #G 



dH 



r^ dr T sin Q dd r sin ddcfy 



0. 



(B.) The vector components of the electro-magnetic momentum give rise to the 
vector potential of the magnetic force in the space in which the currents themselves 
exist : we shall therefore enqube what distribution of currents must be assigned that 
the vector potentials due to them may be respectively of the foregoing types. 

(a.) Rectangular coordinates. 
The equations to be satisfied are 

dj dj3 

dy dz 

dy dz 



... 



11 we take 



F: 






%' 



dm' 



(220 



we find that the above equations are satisfied by 






dmdz^ ^ dydi ; 









<i<l> 



■^: 



dx 



^ ..... . {222/ 



, t(;=0 



J 



where 



473-$; 



V^P. 



# is here the current function, and V ^P is not now supposed to be equal to zero ; 
in fact, nothing is at present supposed to be known about it. 

(6.) Semipolar coordinates. 

The X— and y— directions are variable and are supposed to be in the directions of 
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dp and dfj) respectively, the directed quantities, as above, preserving their former 
designations. 

Our equations are 



1/dy dp0 . 
p\dq> dz 



del dy 

dz dp 



, iniv 



___ 1 /dp/3 doL 
p\ dp dcf)^ 



"^"^pV^ d^ '' ^'' 



dz dp' * p\ dp dcj>^ 



and we may satisfy these by 



and 



^ 1 dF ^ dF ^^ 

J- """• **"** 7 I J ^-^ — - ^ i JL ~-~- v/ 

p acp dp 



a 






#P 
dpdz 

1 (^$ 



, ^==^e 



1 c^sp 



p (i<^<i;a; 



'^^pdp\Pdp)'^p^d^^ 



d^ 



v=z—r, w=0 



p d^^ dp 



> 



(23i) 



. (232) 



here 



471*=-- V^P; 



.Id d ■ 1 d^ . d^ 
V= • p— * -1 — — • -4- — ~ • 

p dp ^dp p^ dcf)^ dz^ 



(c.) Polar coordinates. 



The equations in this case are, resolving along dr, rdd, r sin 0d(]), 



4i7TU = 



dy sin dj3\ 
rsin^V dd r^y 

dE. sin 6 d& 



^doL 



T sin 0\d^ 



drymi 6 \ l/dr/3 da' 

dr /' fX dr d9 



a: 



r sin ^\ dd 



dcf>^ 



• • ■^— — " * • * 



and we may put in these 



A n 



JL CvJL _„_^ LvJL 

sin d^^ dd 



i t » 



• « • l^^lf 



a=:4- 



1 



r 



sin ^ c?^ 



. sm P-r^jH — : 



d^p' 






, 0= 



1 (l^(Pr) 



te=:03 1; 



sin ^(i^' 



i^=-f 



d^ 

dd 



where 



1 d\Vr) 



r sin d drd^ 



> ■ (24,) 



4t7-*= — V^P. 
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General p7vblem of induction. 

§ 4. The problems to which we shall chiefly devote our attention in what follows are 
the induction of currents in a plate (i.) of finite and (ii.) of infinitesimal thickness, 
either at rest or revolving uniformly about an axis normal to its faces, and in a sphere 
or spherical shell either of finite or infinitesimal thickness under the same conditions. 

We may observe however, preliminarily, that any solution of any problem of induc- 
tion which satisfies all the conditions of the question is the only solution that can exist. 
For all the equations being linear the difierence between the functions which express 
two solutions would also satisfy all the differential equations, and would correspond to 
the case in which the conductor is under no external inducing forces, and therefore no 
currents can be set up in it. 

This observation has been made by Mx4.xwell and has been established more in 
detail by Helmholtz in his memoir. From the linearity of the equations we may also 
conclude that the effect of different systems acting either simultaneously or in succes- 
sion may be found by adding the effects due to each separately. 

In particular, when the conductor is at rest, its state at any time t may be considered 
as the aggregate effect produced by a continuous series of impulses during its 
previous history. The effect of each of these impulses, after being received, decays 
according to a certain law, and each contributes a certain amount to the total result at 
any time. The characteristic equation in these investigations is 

where Pq is due to the direct action of the external electro-magnets. 

Let an impulsive change take place in this external system, by which Pq suddenly 
rises from to P'q, and let P increase at the same time from to P' ; then, integrating 
the above equation during the impulse, we obtain 

F+P'o=0 (26) 

The impulse having been administered, P decays according to a law peculiar to each 
system, and satisfies during its decay the equation 



a _ dF 



v^P=-:^ ^ . . (27) 



47r dt 



Let Po(^) be the value of Pq at any time t : this value may be supposed to have 
been accumulated by impulses during the previous history of the system, and, if r be 
the time m.easured backwards from t, we may express this fact by the equation 



^^^ Jn dr ^' 
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Let x^O^o) represent the law of decay of a system whicli was initially represented by 
Pq ; then, combining equations 26 and 27, we see that the complete value of P at any 
time for the system is given by 

p=+i>.p^")-* <-) 

To complete the solution, therefore, we have only to determine the nature of Xr- 



Case of an infinite plate of finite thicJcness. 

§ 5. Let us now take up the case of an infinitely extended plane plate of thickness 
2b, and suppose the origin somewhere midway between the two faces of the plate so 
that its faces are determined by :2;=ib^- 

The scalar and vector potentials of external magnets or currents may be denoted by 

The equations of the currents in the plate will have for their type 

^^- dt dx (^^) 

and we shall prove that all the conditions of the problem may be satisfied by taking 

dF dV '^ 

^=zO, ¥= r-, G=-7, H=0 

dy ax 

d^ d^ ^ . ,^. 

^^-:^' ^=^.' ^'^^ >^ ..... . (31) 

f$=--V^P 

4tir 

The equations of electromotive force are now reduced to the single characteristic 
equation 

— V P=— (P+Pq) ' (S2) 

Since there is no free electricity anywhere present, the currents in the plate are 
closed currents, and therefore F, G, H and their differential coefficients are all con- 
tinuous in passing across the boundary of the conductor. All these conditions will be 
satisfied by having 
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=.P 



outside -^ inside 



• • • 



(33) 



Ct;^/ outside \ ^^/ inside 



when z=':iz^ I and it must be remembered that, outside the plate, the vector potential 
is determined by 

F=:--^, Cx=:g, H=0, V^P=0 (34) 

If we employ semipolar coordinates the equation in P in the substance of the plate 
may be written 

To satisfy it, put 

P= cosm<^J^(fc/))(A cos7^2;+Bsin^2;)e'^^^ . . . . , , (35) 

where Jm{f<p) is Bessel's function of the m*^ degree satisfying the equation 

d^J , 1 dJ , / ^ W?\ -r ^ , , 

^7^+^ ^+r-7/=o ...... . . (36) 

and 

A= T~ (^/c -j'fh'^j .......... (37) 

We observe also that /c is a constant, which the problem does not enable us to 
determine : it must therefore be supposed to have all values from to oo ; m is 
necessarily a positive integer. 

Outside the plate P is given by v^P=0, and is satisfied by 



P=:(3 ^^cosm^J^(fc/)).Ce '% ;^ positive 
P=6~"^^cos 'm<^J^/^(fc/)).De"*"'''', z negative 

it being observed that P must vanish when 2;= oo . 
To determine % we have, by equations (33), 

(1) when 0=+&- 

A cos ti6+B sin rib = Ce"""^ 

— ■ n(A sin nh —- B cos nh) = — /cCe"""^, 

(2) when z^z—h 

A cos nh — B sin nh = De"''^ 

+^^(A sin 72&+B cos nh) = /cD^""''^ 



<•...... v^^/ 
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Eliminating C and D, 



A{k cos nb — n sin nb)-^B[K sin fih-^-n cos nb) = 
A{k coBnb-^n sin ?^6)— B(k: sin nb-^-fi cos nb)=0. 



From these we find 



(1) B=:05 n sin nb — K cos nb=0, C=Ae''^ cos nb=D 

(2) A=0, /c sin nb+71 cos nb=0, C=Be''* cos n6= — D 



> . 



(39) 



Putting all these together we obtain 



inside the plate T=t^^^ cos m<j)J^{Kp){A cos nze~'^^-{-B sin n'ze"^'^) 

+ similar terms in sin m<^ 

:S^^\cos m<^J^(K/))(A cos^^e^^^+B sin n''?;e""^'^)e~''^''~^^+ • • 
::S^^^cos mcl>J^,{Kp){A cos nSc-^^—B sin nbe'-^'^')e''^'-^^^+ , . 



■^ 



outside, 2;4■^^ P 
outside, 2^--^^^j P 



(40) 



w 



here 



?2' sin nb — k cos ?25 = 0, X= .- (k:^+ n^) 



47r 



n' cos n^6 + ^ ^iii ^^'^ = 0, X^ = t - (k:'^ + ^^'^) 



47r 



The summations are to be extended, first over all the values of n and n corre- 
sponding to the roots of the above equations, then over all values of k from to co , 
and finally over all integral values of m from to oo ; the summation with respect 
to K will be of the nature of an integral, as will presently appear. 

§ 6. The investigation of the values of the coefficients is attended v^ith some difficulty 
owing to the difficulty of interpreting the values of J^ for infinite values of the 
argument. I have therefore sought to evade these difficulties by conceiving the plate 
as the limit of a spherical shell of finite thickness but of infinite radius, and keeping 
in view the general course v^hich the solution for a spherical shell takes. It is 
possible to obtain the solution for any spherical shell, and it might seem therefore easy 
at once to adapt that solution to the present case : but unfortunately the adaptation is 
also beset with difficulties of a peculiar kind, and therefore we can do no more than 
take the steps of that investigation as guides in the present problem. The main light 
which the case of the spherical shell gives us is that we have to regard Gosm(j)Jm{Kp) 
as a degraded form of the spherical surface-harmonic cos m^P,/(cos 6), obtained by 
putting 

......... (A^) 



MDCCCLXXXI. 



sin 0:=-, n=^Kdb 
a 

2 U 
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a being the mean radius of the shell (sensibly constant), k a finite quantity : to make 
the passage clear we know that, if 6^--=sin $, P,/ satisfies the equatioa 



(i-«^)S+- 



ds^ 



■2s^ dy 
ds 



hhJwmm 



n(n+l) 



m^^ "* 



.3 



y=0 



• • 



. . (A^) 



(see Heine, ^ Kugelfunctionen,' p. 216, 2nd ed.) ; which we may satisfy by 



where 



2/=C,/(s^^+Ai5^^+^ + A^6'^+*+ . . . ) 

Ai{(m+2)^— m^}+n(?i+l)"— ^.(^^+1) = 
A3{(m+4)^-m^}+[n(n+l)-(m+2Xw+3)]Ai=0 

Agf (m+ ^Y—m^ +[^-(^^+ 1) — (^^+ 4) (m+ b)']k^= 0, &c. 



If we now put n (infinitely great) =/ca, 5=-, we find 






ic^p^ 



K^p^ 



a^ 



4.m + l 4.8.m + l.m + 2 4. 8 . 12 .m + 1 .m + 2 .m + 3 



t> i" • • • 



v^»«^*» J m\f<p} ' {A3) 



the value of the constant Cj' being obtained from considering the value of Fj-i-s 
when s=0 ; in fact we have (Heine, 2nd ed., p. 207), 



m — ^ 



n\(n + m) ! 
m ! {2n) \ 



• « 



rut 



This constant we shall keep, for the present, unreduced. 



From the theorem | P^^'^.P./ sin 6dd=0, we derive at once 





(AJ 



.00 



^m{Kp)^m{i^'p)pdp = , . 



# « 



4 9 







We have moreover (see Heine, pp. 327 and 253), 



r(P Jf sin ddO: 

Jo 



2 (f ^ + m) ! {n — m ) I 



271 + 1 (1.3. 5... 2^-1^2 



... 



and, correspondingly 3 



■oo 



^2«j^2«+3 2 ('ft + m)!(«-— m) 1 



3^{Kp)\-'pdp— ^^^^^^y ' 2n + l {1.^.5... 2n-lf2'"''{m\) 



■ ■ (A5) 



• • (Ae) 
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If we take into account that n is infinitely great compared to m, we see that 
(?^—m)!=^^!-^^'^ and (^+m)!=:nlXn'^; also 



1 _o«.„, l-3-5...(2^-l) 



XJffl 



2^m! 



whence 



/.OO 







Jm(Kpffpdp = 



1— . 

^2m ^ 



( XLiy ) 



But ^=/ca and the successive values of n correspond to the successive integers 



/. 8k=-; hence the above integral becomes 



/•flO 



S„{Kpffpdp= ^ 



* » • * 



(Ag) 



. We are now in a position to find the values of the coefficients (A), (B) in the 
expressions (40) : for it may be easily shown that, if %, % be two different values of 
n, n\, n\ two different values of n from equations (39), then 



r+6 r+5 ^ t-\-h 

cos n^z cos n^zdz=^ 0, cos nz sin n'zdz= 0, sin n\z sin n\zdz=- 



r+5 



cos^ nzdz= 



2nb + sin 29^& ^+^ 



2^ 



r+d 

, sin^ nzdz= 



2n^b—sm2n^b 



^ . (41) 



From these results we may separate the different values of A, B : for since when 
We have in fact 



A: 



1 



2n 



TV * 2ni + sin 2nh 



. k8k . \ coBmcj)d(l)\ pJm{Kp)dp FQCo&nzdz . . (42) 

Jo Jo J —5 



B may be found in a similar manner, and likewise also the terms depending on sin m<l). 
Collecting all these results for the value of P {(f), p, z) at an external point on the 
positive side of the plate, we have (z positive) 



P= 



r2ir 



IT 



^m 



,00 



/»C0 



cosm(^— <jf>')(i^' KC "^^ ^^Jm{Kp)dK p'J^{Kp^)dp% 



<e 



Kt 



2n cos nh . f 



2nh 4- sin 27i& 



P'n cos nz^dz' + ^~^'* . 7r~n 
J-/; 2no 



2n^ sin n^b 



sin 2'?^'& 



+5 



P'q sin nzdz 



. (43) 



The last S is to be extended over all the values of n, n! which can be derived as 
roots of the equations in these quantities. The first 2 denotes that the summation is 

2 U 2 
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to be extended to all values of m. It is to be feared there is no simpler mode of 
writing the above result ; but the approximate solution of any given case could be 
obtained from it by carefully conducting the approximations. 

Case of cm indefinitely thin plane at rest. 

§ 7. We may pass from the above problem to the present by making h indefinitely 
small. If R be the resistance to the current per unit of area 



2Rh=a 



(44) 



and we have also to enquire what the values of n and n' derived — 

(a.) From the former solution will now become. To do so I shall write the equation 

for n in the form 

9 sin O—kJ) cos 0=0, where 0=nb, 

(1.) When Kb is small the roots of the equation are approximated to, in general, by 
sin 6-=0, or 6=:J7r-=^, say. 

Let 6=l3-{-x, then to find x we have 

{j3-\-x) sin x=Kh cos x. 

Expanding sin x and cos x in ascending powers of cc, we obtain^ after some reduction, 
X in the following series of powers of kI) 

1 1 6-i-S^ 

X=-,Kb — -~K%^ —T^K^b^-}- . , . 



moreover 



X=fy+n^). 



Hence, in general, 



nb=^ 



1 1 , 6 + r7r^ 



^ 



E / 9^2 — 1 18 + 29^2 



(45) 



^ 



(2.) But there is a root of the equation for which n 6 is very small given approxi- 
mately by ri^6^=K:?> ; expanding fully the equation ^ sin ^— /c& cos ^=0 in ascending 
powers of 0, we find 

n^b^=Kb-iK%^+-^,-K^¥+ , . , 



E 



^^oZ{^+h'h+-^.-K'b^+ . . .) 



(46) 



27r 
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(&.) In like manner, the equation in n , which is 

nh cos nh-^-Kh sin 7ih=:0y 

is satisfied, approximately, by 7?'6= — r— .7r=a, say: and more accurately by n7>=: a -l-x, 
where 

(a+cc) sin x=^Kh cos ,t. 

This is precisely the same equation as before, and gives 



1 



1 



21.2 



nh =.06+ -.Kb— ~^K% 

ZttoX w 



6 + ^3 



3-^ 



K%^ 



• a' 



1 



K%^ 



18+_2a2 
3a4 



-\ 



y 



• • • 



kW+ . . . 



^ 



(47) 



When we make h indefinitely small, retaining R as a finite quantity, all the values 
of X and X' become indefinitely great except those which arise from the approximation 

in n, ?^^&^=:K&+ . . . ; X is then =;^. Rejecting therefore all other values of n, n\ 

\ and X', and confining our attention to the parts of P outside the plate, we find 
[writing A cos nb under the single term ^], 



2 negative, P=5^ cos ?%</>. J"(Kp).^e'*"''r'2>r) 



y 



(48) 



the term in b in the exponential e being neglected. 

If, at the surface of the plate, F=f(x, y, t), then at any point for which z is 
positive, 



2'7^z\'^ 



and at any point, z negative, 



^^fU,y> ^+^) 



P=/(^. y> i 



2'TTZ' 



(49) 



This is Maxwell^s result, 

I have dw^elt somewhat fully upon this case because it brings out very clearly the 
mode in which the terms depending upon all but a certain number of the values of 
X and X' disappear when b is made indefinitely small When we consider the case of a 
spherical shell, we shall find that a similar reduction takes place. 
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Induction of currents in a solid sphere at rest, 

§ 8. When a solid sphere of radius a is influenced by an external magnetic system 
whose potential is Oq, we may express the vector potential of the latter by taking 



d 



^o=T;(Po^iFo=0, Go= 



dVr 



dV^ 



dr 



_0 TT IIM) 

Bmed<j>' ^~ d0 ' 



t • 



* • 



(50) 



dx, dy, dz being now coincident with dr, rd$, r sin Odxf). 
The equations of electromotive force, viz. : 



(Tit = — 



d(F + Fo) d^|r 

dt dr 



-^ 



(TV =■ 



(TlV=- — 



d(Gr + Go) dy}r 



dt 

^(H + Hq) 
dt 



rdO 
d-^ 



> 



r sin 6d(f> 



• • 



• • 



(51) 



and all the conditions of the problem may be satisfied by taking 



xIj=0,F=0, G=- 



dF 



sin 6d(j) 



, H= 



de 



d<^ d<^ 

u=.{), t'=— -77-7,^77, ^f^= 



sin dd<j>^ 
47r<l>= — V^P. 



de 



^ 



• • 



• (52) 



P satisfies the characteristic equation 



G ^^ dV 
— V^P= — , 

4-iT dt' 



or, more fully, 



#P 2 d? 



T dr * r^ sin 6 d6\ d6/ r^ sin^ 6 dcf)^ 



d^F 47r d? 
a dt 



• • • » 



(53) 



outside the sphere P satisfies the equation 



V^P=0; 



and we must have the further condition that F, G, H and their differential coefiicients, 
or (which is the same thing) 

dF 



P and 



dr 



(54) 
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are to undergo no sudden change in passing across the surface of the sphere, and that 
P must be finite at the centre. 

The equation in P (inside the sphere), is satisfied by 

Pz=AUA(Xr)6~^''4^ (55) 

where U^ is any surface harmonic of degree n^ and S,,(Xr) is the solution of the equation 

_^ — --^ x-^ z — y=o . ....... (j3) 

which does not become infinite at the centre. In fact the two solutions of this 
equation are^ as I have elsewhere shown 



s,(x,.)=M..(i|-^)-.5i^ 

T.(Xr)=(M-(i£.)"^ 



> 



* > 



» • • • • \ // 



of which the former vanishes at the centre, except when ii=0^ and the latter vanishes 
at 00 ; it is the former of these expressions which is chosen. 
Outside the sphere the value of P is 

P=BU,,.r-'^"^e-^^-i^ ......... (56) 

and the above boundary conditions give 



A,^S^^(Xa) = B.ea'"^"'^ A^-z^ = — - Bn{n + 1 )a""''"^^, 

01* 

jQ — . a . xxf^o ( Aa ) 

dS 
aT^4"(^^+l)Sf^=0 * * . . (57) 

This equation is also equivalent to the following somewhat simpler one (see equation 

X3kj V X V K 

Oj»^«tti ( Aa ) ««»- u • « 4 9 s « » . « « »io/| 

The values of X being thus determined^ we may proceed as in the former problem 
to find the coefiicients due to any initial circnmstanceSj and thence the state of the 
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sphere may be readily deduced by the principles which have been already explained. 
I may observe that U,^ is to be expressed in the system of tesseral harmonics 



n 



S(A cos m^+B,//^ sin m<^)P,/ 



The rest of the process needs no remark. 

Spherical shell of finite thichiess. 

§ 9. Let the external and„ internal radii be b, a ; all the conditions of the problem 
will be satisfied by the same general assumptions as to the forms of the electro- 
magnetic momentum of the currents, the current function and of the potentials of the 
external magnetism. The characteristic equation remains 

"^ v2P=— • 

47r at ' 

and, as in the former cases, since there is nowhere flow along the radii to the common 
centre of the surfaces and no free electricity, the currents are entirely confined to the 
interior of the shell, and we shall have as before for boundary conditions, that the 
vector potential of the currents in the shell and its differential coefficients sustain no 
sudden change at crossing the surfaces. Outside the shell and within its inner 
surface, the vector potential is given by expressions of the same form as in the 
substance, viz. : 



F=0, G= 



^P 



sin 6d^^ 



H 



dV 

dd' 



but in the space free from currents 



v~P=a. 



At the boundaries all the conditions are satisfied by having 



P and 



dr 



(Continuous when r=a and when r:=b ; we must therefore take 



^ J. 



within sphere of radius a, P=:SCr''U,,e ^'4^ 



in substance of shell, 



"N 



<Tt 



Jr •»«~-^,(xxO;^"~p Jl>X^^) U ./^^ *4w V , 



^ at 

without Sphere of radius b, P=rSD^^"'''"^.U;,e^^''4^ 



^ 



(58) 
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Sa and T^ are the expressions referred to in last article : they are the particular 
solutions of the equation 

d?'^ r dr \ r^ J 

If we write £C=Xr, S^ and T^^ are respectively equal to 



ir^i 



1 d\^ sin^ 



, (Ay CviL' J 



CAjIxKa. tXj I 



JU 



1 d\^ mBx 

lie CvtV / OC 



To express the boundary conditions we shall write 



a=:Xa, /3=Xh, S = S(Xa), S^=S(Xb), &c; . . . . . . (59) 



we have, accordingly. 



\ doc da j 

Db-»-^=AS'+BT',-(w+l)Db-''+2=X(A^+B^ 

\ dp dp 



1 



^ . . . (60) 



These equations may be put into much more elegant form.s ; but to do so we require 
various properties of the S— and T-— functions ; and as these are not very generally 
understood, I shall here digress into a brief sketch of the whole subject, confining 
myself as strictly as possible to those properties which have a direct bearing on the 
present question. 



Properties of the '^Spherical Functions, 



I? 



§ 10. If we write x^=t, and work out the difierentiations and integrations, it can be 
readily shown that 



M 






rytfl 



1 d Y sin ^ 

^ tX/ (X/iXj I JU 
X Co \ OOo ttt 



==(— 1)^ ir""«^l 



. JU Ci/i 









1 {|\-^^-i m%m 

JU (jjJU I Jb 

1 d \ -«--l sin X 



J 



» » 



(Bs) 



The constants introduced by integration must be so adjusted as to make a certain 
number of terms in the second equality coincide : the others will be exactly equal. 

If we write each member of these two equations, as before, respectively S^, and T«, 
and differentiate the quantities on the left-hand sides of the equations, we find 



a?S 



^+1 



tAJ 



dyy. 



n 



iA/JU 



t(/hJmm tAJ A. , 
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m *^-*-:^+l' 



2 



. /yt _ — ,. n'j I 

KjvJU 



« » * 



• (B) 
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DiflPerentiating the riglit-hand members we obtain 



fim-.l ———%Xj I 

•^ ax 



+ (W+1)S,;,, — 0?T, 



n 



XjjiAj 



-|-(w4-^)T,i . 



* • 



(B,) 



These are the fundamental formulae of reduction in these functions : if in the latter 
we write n+1 for n, and substitute the values of S^+j and T^.^.^ from the former, we 
can show easily that S^ and In satisfy the differential equation 



y 



* « 



• • • «■ 



(B) 



and -are therefore the two solutions of it. If we eliminate from the above x ~-j^\ and 
X — r-, we lind 



dx 



S, 



{2';z+l)-"+S»,i+S«_i=0 



T 



> 



(2n+l)^^+T.,,+T„_,=:0 



(»>««•• 



whence also 



and, by successive reductions, 







and thus also, by (Bg), 



^2 



Sm np Q , 






» • 



(Bo) 



ST — .T Q Q T «— . Q T /T^ \ 



#«>««* 



• r « 



• (Bs) 



(Bo) 



We obtain also directly from equations (B^^), 



^ 4 



rfS 



« 



S, 



dT 



n 



Srp m Q 



n — 9 



U'tv CvJU 

a well-known result." 

11. If we now turn to equations (60), we find by elimination 



« • 4 • » 



(Bio) 



X * /m <^S „dT 
\ da. da. 

Ai> i -z b -7- 

\ doL da 



^^\^'dl3~^' 



d/3 

,dT^' 
dfi ^ d/3 



\ da. 

-b-«-^D(^^ + (n + l)T' 
+b-«-^D(-^^+(« + l)S' 
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These may be written 

A= +X2b-^+iT,_i(Xb).D, B= -X2b-''+iS,_i(Xb).D. 
■Introducing a new constant ^, we may therefore put 



C: 

A: 

B 

D: 



:.b-«+iS«_i(Xb) 
-flXV+2b-''+iT«+i(Xa)S„_i(Xb) 
+^XV+2b-»+iS„+i(Xa)S«_i(Xb) 
-^a«+2S,^^(Xa) 



« • « 



(61) 



with the further equation, for the determination of X, 



S„+i(Aa).T«_i(Xb)-T„+i(Xa).S«_i(Xb) = (62) 



To construct this equation, I observe that 



S 



n^ 



X 



n 



1 d Y sin X 



may be written 



X.^ sin [^+ y j+Xs'' sin ix+ 



n-\-l 

— r— 77 



and that 



T 



n 



' -^-^ =' il I)" !ii(H. 



may in like manner be written 



Xi^ sin f ^+^^7rj+X/ sin (x-{ 



n + 2 



Zi 



-77 



• t e 



In fact 



(Bn) 



» • 



(Bis) 



V»— 1 (w-l)w(w + l)(«- + 2) 1 {n-'S){n-T) . . . (w + 3)(w + 4) 1 _ 
x.X{^—l- 2.4 "^3+ 2.4.6.8 > '*^- 

Y „._ «-(w + l) 1 _ (w--2)(ra-l) ■ . ■ (w + 2)(w + 3) 1_ 



> 



(B13) 



-J 



With this notation we may put 



2x2 
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S«^,i(Xa)= Ai'*+^ sin fXa+^-^^-^j+A/^^ cos f Xa+^^^r 

T^^j(Xa)= A/*+i cos fxa+^^ tt j— A/+i sin ( Xa+~-^ 
S«,i{Xb)=:Bi*^~"^ sin fxb+'^^7rj + B/~i cos fxb+^-^ir 
T«^i(Xb)=B/""^cos fxb+~^-^j— Bg^^-i sin [Xb+^^^r 

Substituting in (62), 
(A/+iB/^~-i-Ai^+iB/-3) cos (X(b-a)-7r)-(A/+^B3^^~i+Ai'^+iB/^-^) sin (X(b-a)-7r)=0 
or more simply 

Tiiis equation may be further simplified ; for, putting 



xjaii ^jT — — zz , xjan oc -~— ^"t tt, uan o —— zi[ 7 . . • > . . (ooi 



it becomes 



sin {X.b— a — of — ^'] = 0, 
whence 



X.b— a=a'-— ^'+^'^ ..,.,,... (64) 

here a and fi' are the smallest positive angles which satisfy the above equations ; and 

1 
3- may, when 2x>nh%'^l), he expanded in ascending powers of - by Gregory's 



series. 



1 

Up to "T^5 



X' 



The values of a and jS' in terms of Xa and Xb may be similarly found, and when 
substituted in equation (64) will give the means of finding all the values of X. These 
being found, the complete expression for P may be written down and the values of the 
constants therein determined from the initial circumstances by known methods ; we 
shall therefore proceed to find the value of P at a point outside the shell. 



CURRENTS m INFINITE. PLATES AND SPHERICAL SHELLS. 



335 



The potentials at a point outside the shell and in its substance may be written 
respectively 






and 



AV 



P=SD'X^b^(S,(^)T,^i(^)-T4i^)S,_i(/8))e-"4T^. 



wherein, as before, x=:Xr, /3=Xb, 
Let us write 



H„= (SX-i(y8) -T«S,_i (^))X2b^ 



• » 



. . . . (66) 



where Tn-i{l3) and S»_i(;8) are to be treated as simply certain constant multipliers ; H„ 
will satisfy all the formulae of reduction which we have found to hold separately for S„ 
and T„ ; and we have further these particular values 



H4^)=l, H„+i(a) = by equation (62) 

and by the equation (Bg), H„+^(;8)= ^ — H„(/8) = — 



y 



/8 



Xb 



■ (67) 



Now Unix) satisfies the equation 



dm 2 dn 

— |— — ' 

dr^ r dr 



+(x^_^^±'^'jE=0, 



and if H' correspond to any other value of X, viz. : X^, we have also 



dm' . 2 dK , /,„ n(n+l)\^, 

+ {X — 



4- 

dr^ 0' dr 



9 



H =0, 



whence 



r7H' r7TT\ lb fb 

rHW^-B'^)\ +(X'2-X2) r2HH'c^r=0. 

d/T (XT / J a "'a 



But, by equations (B^), 



and, therefore^ 



dU 

dr ^ 

dW 



(X'^-X^)|VHH'(ir= {rB(XH„,,H'„-X'H„H'„,,)' ' 



• ^ i 



■ (68) 
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But if X^ be also one of the roots of equation (62), both Hn+i and M'^+i vanish at 
the lower limit ; and at the upper limit 



■^2, " ' XX ^ " * JL ctXllX A.XX^^_Li A. XX ^_l"i ■ 






hence 



•^ a 



* » » 



. . . (69) 



rb 

•'a 



If we put y=X+SX, and then make 8k infinitely small, we arrive at the value of 



r^H^d^^ : for 



H;= H„(Xr + SX .r) == H„ + rSX^' 



H^+r8A.(XrH;,+i+72,H^) by (B^) 



and 



ax 



H'^+i=H^+i{Xr+SX.r)=H,,+i+ -(--"XrH,,— t^+lH^^l) by (B5) 



Putting in these values in (68) 



•b 1 



r3{Xr(H/+H^.^,)+2nHJI,^i 



i 



1) 



a 



-^,(2,^+1) ^(S„(Xa)T,.i(\b)~T,4Xa)S,_i(Xb)) 



2X. 



2 



(70) 



Let us call this integral I,, ; we may now separate the coefficient D' due to any 
term of U^, say cos m<f)Pj': for if we put in equation (58) ^=0, P=«Po, multiply 
across by cos WKJ^d^.Vj' sin ddOM^rHr and integrate throughout the body of the shell, 
all the terms on the right hand side disappear except those which have the some m, 
n^ and X ; and, if we note that 



'2n« 



cos^ m6a6=:iT, (PJt sm ra^=^ • ^ — L^----i_-Ac===..::==^ tt gov 

/^ ^ > j^V ^'W ^^^^^^i^^ 2n~i~l (1.3,5. „.2^/^- 1)2 *^^ ^^^' 



we find 



D' 



2w 



cos m<^cl^ P^f . sin 0d0\ PgH^^r^cf r — ir J,/I,,. 
^0 



The coefficient due to sin m^P,/ may be similarly found. 
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Putting all the results together we find for the value of P at an outside point 



27r Ctt rb 



•'O ■ " ■ ' •'a 



P= — ™:S -2 - ^S cos m{<f)-<t>')d(t>' . P««(6')P/(^') sin d'dO' }I„{\r')^dr 



Xe""!.^^ (71) 

From this formula the action of the shell on an external point due to any inducing 
system may be found. 

We proceed to inquire what will be the result when the shell is supposed to become 
infinitely thin. 

Infinitely thin shell. 



m 



§ 13. Putting b— a=:c, cr=Rc, the exponential-function e'^^'^'-i^, will be finite only for 
such values of X as make X^c finite : if X^c become indefinitely great the corresponding 
terms will rapidly disappear. More accurately, the terms for which X^c is finite will 
die away infinitely less rapidly than those for which it is infinitely great. 

lUn the equation 

Xo=a' — /3'+^7r, 

we take as a first approximation X=— , we may readily expand Xc in a series of the 

form tV4-E^.c4-E3C^+ . . . ; but in this case X^c= — approximately when c is very 

great. 

The corresponding system of currents will rapidly decay. It is therefore by putting 
izzzO that we obtain the currents which have the greatest persistence. The equation 
in X is 

X^c= -;^ 1^\.-^ L^ terms in X""^ X~^, . . , 

and, for a first approximation, b=:a and 

k^c=~{2n+l) (72) 

Hence, by eqviations (58) and 



for points outside the sLell, 'P=^l,Qti~\ U„e~4™'-'*+i>' 
within the shell, P=2CI('^)"U„e-W=«+i'' 



/' , . , 



(73) 



To interpret these results : 
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(1.) For an external point, 



a 



n+l 



we observe that when t = 0, 'P=tQt{~] U^ 



and that, always, 'P=e'"^J.tQti I U 



r 



n 



E 



where a'=ae 27ra-^ 



^ 



> 



(74) 



The result, therefore, of an impulse on the sheet is such that initially the currents 
exert the same action on an external point, as a positive image of the magnetic system 
placed at the position of the electric image at the surface of the sheet. 

The points in which this imaginary magnetism is distributed then move towards the 

centre according to the law p'=pe"~2^i^ w^hile at the same time the intensity at each 

point increases according to the law I'=Ieto. 

When a=Qo we may take p=a and p--p=^f, and V is constant; this result 

reproduces Maxwell's expressions for a plane sheet. 
(2.) For a point on the other side of the shell 






a" 



u„ 



where 



a 



// 



ae'^27ra 



> 



• (^5) 



The effect is, therefore, the same as if the inducing magnetic system were reversed 
in sign, and the points in which it is distributed were to move off to infinity in lines 
passing through the centre of the shell according to the law 



p =pe2TTa^ 



the intensity at each point diminishing according to the law 

I ZZzIc 47ra, 

§ 14. This result is so interesting that it may be well to give an independent demon- 
stration of ii Employing, as hitherto, spherical coordinates, let * be the current 
function for the currents in the sheet ; P, the potential due to imaginary matter dis- 
tributed over it, with surface density #; the magnetic and vector potentials of the 
current system may be written 



azz:-i^(Pr), F=0, 0-: + ^ 



dV 



a dr 



a sin 0d(f> 



TT 

, Xl — 



dF 



CUERENTS m INFINITE PLATES AND SPHEEICAL SHELLS. 339 
The components of the current are 

d<^ d^ 

sm t/acjf) dO 

The equations, therefore, of the current are 

E d^ d^V d^|r 



4:7r sin Odcj^ a sin 6d(j>dt d^dO 

, E 6^* d^^ d'^lr 



which is satisfied by 



47r dO didOdt a sin 6di^' 



^ a ai^ 



Outside the sheet and within its inner surface. 



F=0, G=-T^7, H= "^^ 



Hence 



sin edc^' dff 



outside Po=2A('^)'"''u,6""^^^^ 



inside P^= 2 AP Yu,,e~^^f.^ ; 

1 ^ _ ,^ X^E 
at the surface $ = — SAU^^e ^'^tt^. -; — " 

a 47r 



But we have also the further condition 






^ dr dr )r=.a 

hence 



and therefore 



X^=-(2n+l); 

a^ ^ 






P,=::SA(-Yu,e-^^^^+^W. 

a/ 



This corresponds with the result obtained from the more general investigation of 
last article. 
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Moving conductor, 

§ 15. When the conductor is moving in any manner, the parts of the electromotive 
force due to the motion are, in the directions of the three axes, respectively equal to 

• • • • • • 

yy—^z, €iZ—yx, ^x—ay. 

The form of these expressions shows that, when it is desirable to resolve the 
electromotive force in any other directions at right angles, the components will be 

yV-^W, aW-yU, /3U-aV (l) 

a, P, y being the components of magnetic force, and U, V, W the components of 
velocity in these directions. When the motion of the body is uniform, as when it is 
revolving uniformly round an axis, and when it is symmetrical about this axis, the 
electric state may after a certain time be supposed to have become constant ; there is 
then no variation of electric displacement at each point of space, and the currents of 
conduction become the total currents. We have then 

and therefore 

,=^?^_L.^^ . ^^0 (2) 

dx dy dz ^ ' 

There is thus no free electricity in the substance of the conductor, though there 
may be electric potential : and the normal component of the current across the surface 
of the body is zero : that is to say, 

• 

l%i-^mv-\-nw=^^ .......... (3) 

It is to be noted here that we are here dealing with the state of definite points of 

space : these are invariable. The different parts of the conductor take different 
conditions as they move from one point of space to another. 

Since the currents are confined to the conductor the vector potential due to them 
and its differential coefficients will alL be continuous on passing across the surface of 
the conductor. 

With these preliminary observations we proceed to the consideration of a solid of 
infinite extent and thickness bounded by a plane face, revolving round an axis normal 
to its face. 
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Infinite solid hounded by plane face. 

§ 16. Let the axis of z be chosen to comcide with the axis of revolution and the 
origin on the face, and revolve along dp^ pdcj), dz ; 



U=0, Y=(op, W=0 



(4) 



0) being the angular velocity supposed uniform. 
The components of electromotive force are 



0) 



py- 



Q- 



R: 



(op 



a 



d'\}r 
dp 

dyfr 
pd^ 

d^lr 

L_ • 

d: 



> 



V('^ 



(5) 



The external magnetic force may be represented by 



(^ ^"o ■IT' 

^^0- dz' -^o-" pd<f> 



^^Q f^ '^l^O TT n. 



and all the conditions of the problem are satisfied by taking for the vector potential 
of the currents in the solid 



F= 



Lb 1. .-^ Cv i_ T'T' ^\ 

~I m ^ V_^ — — « , J.JL ■ \J • 

pft<p dp 



The total magnetic force is the sum of the parts due to the currents in the sheet 
and the external force : it is therefore given by 






d\VV^,) 



T + Pq) _ d^(P + P o) ^1 d_J ^(P + Po)\ 1 ^^(P + Pq), 

dpdz ' ^ pd(f>dz ' ^ pdp\ dp / p^ d4>^ 



The currents may be denoted by 



d^ (i^ 

pd(p dp 

47r*== — V^P . 



(6i) 



If we now substitute for P, Q, R their equivalents at^, crv, 0, the second of 
equations (5) becomes 

d^ d-^^r 

dp pdcf) 

2 Y 2 



(6.) 
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which is satisfied by 

^=nJ-, $=— ^= — ~i-v-P ....... (63) 

^ dp' dxj) 4:17 ^ ^' 

and from the last equation 

d\^^\\^ d^X r, 

ojp — ; — crp-z — r = U. 

'^ dpdz ' dpdz 

whence 

crx=^P+Po) ■ (7) 

By equation (61) tliis may be written 

^V^P=<.,^(P+Po) (8) 

This is the characteristic equation of steady currents in a rotating conductor : we 
may show that the first of equations (5) is also satisfied, for this requires that 

a d^ d r^(P+Po) , « #(P + Po) ^^ ^^ m r "d \ 

""p*# =^ TpP "~^p~"+p d^ ""^ d^P Jp ^^+ *^o^' 

or 

d 

which corresponds with the former equations. 

All the conditions of the problem will be satisfied by determining P subject to the 
following conditions : — 

(1.) It must satisfy equation (8) within the solid, and vanish when z^=^ — oo . 

(2.) „ ,, V^P=0 outside the solid, and vanish when 5j= + Qo . 

cZP 
(3.) P and -— must be the same outside and inside the solid when 0=0. 

^ ^ clz 

Let us now suppose that Pq can be expanded within the solid in a series of the form 
PQ=2(Ae'^'^+A'e'"'"'^*)J^,(fc/))e'''': each of these terms verifying the equation v^Po=0 as 
they ought to do, and vanishing when 2:= — 00 . We shall show presently how this 
may be done. 

The corresponding part of P due to Ae'"^* is 

Pzz:— Ae^^^*J;,,(/cp)e'^^+n (9) 

where 

Putting therefore 

Tl='Ed^'^S „{Kp)e' (10) 
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we have 

„ ^ . 4:7rmco /i i\ 

— K:'^+ia'"=^. — — . ......... (11) 

(T 

/ ^ . 4:7r7no) , , .V 

• *■ /^=± A/ fc^—i -~~—z=i^(^p^iq) suppose. 

We must take only the positive sign since 11 = when z=^ — co . 
Thus 

V=e'"'^3m{Kp){—ke'''\''Be'^') within the sohd ; 
outside 

and the conditions of continuity give us 

— A+B=C, — fcA+/xB= — fcC, 
whence 

j3 — »xx, \j — \i\. . . .. . . • » . liiij/ 

Let us confine our attention now to the vahie of C which expresses the action of 
the sheet on external points 

K+p—qt ^ 

similarly, corresponding to the term A'e~™*, we find 

G' = A'(p'-q.i). 
Let 

Ae""*+ A'e~"*=^ cos nKJi-^-M sin m<f) 

Oe"*+ C'e-"*= ® cos m^+H sin m(f) 

m={G-C')i = ^p-<Mq' ( • • (13) 

Let 

then corresponding to a term in 

PqZ=:(^ cos nn^+M sin m(j))e''^J^{Kp)^ 
there exists in P (outside) the term 

[^M'cos(m^+3-')+3SM'sin(m<^+y)]e-'^a4Kp) .... (14) 
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the term is therefore altered in intensity in the ratio M' : 1 and the azimuth increased 
by the angle S^\ If we put 



IJL^z^M^e-^^^ 



we can easily prove that 



where also 



lyr/ Q Sm,& ^, TT , , __-, /M SHI r9 

M=:--^^ = -: — r^^=z-4-tan M 

f-^-q snir^+cos^ 2 V ^ 



4:7r'mo) -T,^. , , /4:7r7nco\^ 
tan 2^= "— ^ M^'=:/c^+ 

a \ a 



The action of the solid will therefore be the reverse of the original magnetisation 
and M' is a proper fraction. 

The coefficients ^, 3$ are found by considering the value of Pq when j;=0 ; call it 
Zq. Then as we have found 



TT 



27r r^ r^ 

GOBm{(j)—(j)^)d(f)\ /ccZ/cJ,;,(/c/d) 7jQj,,,{Kp)pdp\ . . . (15) 

•' '' 



Plate of finite or infinitesimal thickness, 

§ 17. For the case of a plate bounded by two parallel planes at distance b apart, 
we may satisfy all the conditions by taking the same general forms for the vector 
potentials and for the currents in the sheet : and the characteristic equation for the 
determination of P will remain the same as before. If we suppose the inducing 
magnetism distributed on the positive side of the plate, we may express Pq within the 
plate as a series of terms of the form 

the origin being in the axis of revolution, and on the positive surface of the plate. 
The forms for the vector potential due to the currents are all given by taking for P a 
series of terms of the type 

i. In the substance of plate — A6^"^^^'^J,,,(Kp)e"'+6^"^'^^J,,,(fcp)(Bie^ 
ii. Outside the plate, z positive, e'''"^3ni{Kp)Qe 
iii. Outside, z negative, d'"''^S^^{Kp).T)e'^''' 

where 

K^'—l . 



i—KZ 
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clF 
On the two faces of the plate P and — are to change continuously on crossing the 

faces. 

The final result of the calculation sfives 

C=A (^'-f^') (^''-'~'') (16) 

when b is indefinitely small, we treat R=~ as finite, and therefore while k is finite fi 
is infinitely great, but /x^& is finite and equal to ^t""-^* To find C, we have then 



C + A 2/c fc(e^^ — e-^^')-\-fjL{ef^^-\-e-f'^) 



OT.-T 



(K^-fi^)b ^ 6 ^ • • • 



2« l + ,S+ff+'^-f+,,, 



27rcom . / . ^\ 

= -.E-^ (^^) 

If Q be the value (due to a positive image of Pq) on the positive side of the plate, 
and P the value of P due to the currents, 



Q = tAe'""i'J,n{Kp)e-^''; P = tCe'"'^J„{Kp)e-'' 



then, putting 



27rft) 



clz a<f> d(p 



(18) 



This corresponds with Maxw^ell's result ; see also equation (34). 



Spherical shell and sphere, 

§ 18. We shall now treat the case of a spherical shell, whose outer and inner 
radii we shall take to be b, a. 

The expressions for the electromotive force are (taking clx, dy^ dz to correspond 
respectively with dr^ rdO, r sin $d<f). 
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P = — cor sin ^.^— 



Q= + a)r sin $.a — 



R: 



dr 

d'xjr 
rdd 



> . 



d'xjr 



sin 0d(l} 



^ 



• » » • 



♦ • 



(19) 



Since, with the present notation, we have IT=0, V=0, W=cor sin d, we shall choose 
the same forms for the vector potentials and current-functions as in § 8, viz. : — 



d 



d^ 



/2o=:r(Po^^), Fo=0, Go=:-::^7:,, H, 



dl: 







'0"~r^r^" 0' ^' "' 0— "^ "^0- sin ed4' ""0— d^ ' 



F=0, G: 



sin dd^^ cW 



The magnetic force a, ^, y is due to both potentials, and thus (see § 3 B, c), 



a 



sin 6 d6 



. sm o' — ;-;^-^i'^ 



d6 sin^ ^ rf<^^ 



,p- 



X tt"'. JL ~f~ -Jl A*'? 



0- 



r 



drdd 



r 



1 _ fP.P + P q.^^ 

r sin ^ ^?^(^^ 



The currents will be denoted by 



U=:0, v. 



d^^ _____ d^ 
dned^ ^'^'"dO' 



where 



observing that 



47r#= — V-^P ........ 



V^Po=0. 



. (20) 



Substituting for P, Q, R in terms of ti, v, w by Ohms' Law, the last of equations (19) 
becomes 



d^ 



or 



d^ 



This is satisfied by taking 



dd T sin ddcj) 



» • • . « . . . . * iZi L-i j 



dy . . Ay 



df 



dd 



• ' * • « • . .fzjXp/ 



and the first of equations (19) becomes 



m sm 6' — ~-~--r^ — or sm ^7-7^ = 0, 
drda drdd 



or 



0-^ = (y.(P4-PQ) . 



a • 



• > • 



• I jM X o I 
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Equation (20) now becomes 



crv^P tZ(P + Po) 

— - =0) -- 
47r clcp 



(22) 



the same characteristic equation as in § 16. 

We may now show that these results verify the second of (19) as the reader may 
easily convince himself by substitution. 

(a.) "When the inducing magnetism or currents are outside the shell altogethei-, 
Pq will consist of a series of terms of the form 



A fjim<liTy 11 I ^ 
^:xc' x ffi, »\ . 



r « fi » « 



. e {ZiOj 



and for the value of P we shall have 



r j + B^S/^ (A.t') + B2T;^(Xr) 



ii. outside shell, r>b 



iii. within shell, r<a 



P= 



P= 






n 



T 



m 



b 



m 



gw«<^p 



n 



m 



• (24) 



and where 



we shall put as before 



X2: 



. 4:7rmo) K 

' t't • « 4 i » » » t » » \jmitJj 



a 



X 



When r=a, 



and when T'=:b, 



;'=z=Xr, a=:Xa, fi=Xh, 8„{a)::=zB, 8n{0) = B'n . . . 



a 



u 



a 



u 



A(^j+BA+B,T„=D(^), 



n . E' 



n~l 






X b 



da. 



d 



a 



X b 



.A~p-02k> ;^-pL>gi ^^z=:U, 



'' K+B^+^f^= - (n+ 1) ^' 



Xb 



<i/8 



^(^^ 



Xb 



By the help of the formulae of reduction in § 10, we can put the result of the calcula- 
tion of the new coefficients B^, Bg, C, D into somewhat elegant forms, 
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Eliminating C and D we find 



B S 4.B T —0 

1 ^ U"^! "J JDo J- ^i^..! "~~" ""*" 



^72' -f- 1 



whence we find for C, which is what we chiefly want, 



C=A-^ 






Zn-TX b«4-1 J- «"~'i-M4-lfc5 ; 



«+!-«- » 



■n+i^ u 



p h^i^^l f(,^i -— Ij^^jb jj„^ _ 









p. . . (26) 



(6.) When the inducing magnetism lies partly within the shell (not in its substance) 
we may take for Pq a series of the form 



'h\»»+i 



the other expressions for P will retain their forms except that we must take the first 
term — A'( h"^ instead of —Mzi'- The calculation of C is similar to that given above ; 
and, when the algebraic work is performed, we obtain finally 



c=aM-i 



2n + l/hY+i S'„T'„_i-T'„SVi 



KBi \^/ i^fi^-^x u—\'~^X}i^-jOu^i 



» • » • ♦ \^ t i 



There are two particular cases of these formulae wMch possess a special interest. 

(I.) In the case of a solid sphere a=0, S;e+j^(Xa) = 0. 

The inducing magnetism can only belong to type {a) and may be represented by 

Po=SAe'^^^P^f (h': the external effect of the currents is then given, according to 



.b 



(26)^ by 



p«-.^A ^^^+i(Xb) . ^p ,^^ /b\^^+" 



(28) 



and it is easy to deduce from this expression the value of P when Pq is given by terms 

which are real in ^. 

(11.) In the case of an infinitely thin shelly we must put b=a+<^- 

This case is interesting as it constitutes an extension of Maxwell's result for a 

plane plate. A glance at the preceding formulae will show that we have here to 

expand S, (Xa+Xc), T,(Xa+Xc), where v=n—l, n or ^i-f 1, in ascending powers of c. 

Some caution is requisite, however, in doing so on account of the value of X : for 
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X^= d, and if we put cr=Ro, and treat E as finite, we must suppose X% finite, 

and therefore Xc is a small quantity of the order c*, while r is also of the order cK 
The expression 



If we write 






we can readily find a formula of reduction in tip. 
S, and T, both satisfy the equation 



^'S+2^&^'-^(^+i)^.^=o. 



By Leibnitz' theorem 



jKY^+^^+2(j?+l)cc2/<^+'>+(a;H(i?— i')(p+i'+l))2/'^'+2j32/^^-'>+i5(p— 1)2/^*-*^=0, 



wherein 

^ dxP ' 

whence 



in which we have to write a for a? in the problem before us. We conclude that u. 



'i^+s 



will usually be of the same degree in - as tt^, and when % and ii^ are given we can 



a 



readily find the remaining values of Up, But as each of them is multiplied by ever 
increasing powers of Xc, it will be only the first one or two terms which will give finite 

terms when we treat - as infinitely small. Let us now take up cases (a) and (&) of 
last article. 

(a.) From formula (26) and remembering (Bg), we obtain 

n /Q q rp/ rri Q/ 

V "t" -^ ^TC' ~r X ^«4-j-L f^"~~* X^2^2^ J* 

8 z 3 
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now 






da 



da 



1 



Xc. — ry-^+ terms negligible. 



X"^a 



/ /"7T r/^ \ 

Q T' T Q''-— .Q T T Q_L.\/^/Q --"I^'^ T __-^M JL 



1 



X^a^ 



9/1 • • • J 



and it may be easily shown, by working out tbe different coefficients of c, c^, . . . 
that the terms neglected are really negligible. 
Finally, we obtain 

— T=- T, putting a for b in ^8. 

O "J' -^ ^92? ~7~ X 



(&.) Here 



(2^+1)1 



.^ 



• •.•».*•• t« 



C + A' 2n + l /b\»+i S'«T' -nSV 



A' 



Aa \^/ ^??+i~*- «— 1 -*-w+i^ «— 1 



(29) 



The numerator is, as we know, rT:-a : and the denominator 



ST T Q JL\/i/ Q __i±:l T ^^-i \ i 



d 



d, 



the former of which set of terms == 



To find the latter we observe that 



2n+ 1 



a^ 



Ct^fi—i 



'^n—l 



d 



a 



n--l-^^-^'-'\-Bn, and similarly for T; hence 



the term in Xc is 



Xc 



(7i'-l)(2n+l) . 1 



a 



J 

^a^ 



the first term of which is negligible compared to the second : putting these different 
results together, and making 



''^\n+l 



a 



= 1 and y8=a. 






C + A' 2n + l 



a 



3 



1 



A' 



a 



2n + l Xc 



1 — 



/y ^ rj' 



XHg 

2^1 + 1 ' 
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and hence 



C + A^ 2n + l 



(2?^^-l)E' 



^ 



(30) 



To interpret these results, let Qq be the value of Pq which would result from the 
magnetism inside the shell combined with the positive image (at the surface) of the 
magnetism outside the shelly then 

Qo=S(A+A')(;j e^'^^V^'. ... . . ... (31) 

and 

P=SCrj 6-^P,/: 

both the foregoing results merge into the equation 



or putting 



'■'|.(P<-')=^ 1(P+Q.) 



^=Pr\ a=Qo7'i, ^-^~ (32) 



.3 li_ '^^ /oo\ 

dr d(p d^ ^ ^ 



When a=oo , and r=a+^, the above equation becomes 



11 ^— ^ 

._^^ — ^ 7 *......., , (o4) 

dz d(p dcj> ^ ^ 

indicating the spiral trail of images obtained by Maxwell. 
If in the sphere we put r=e^, we have 

iMM. ^jj» ——'CO 7 • • • • • • • • « m \£/0/ 

dp d(p d<p ^ ^ 

which is analogous to Maxwell's equation, and may be interpreted in a similar 
mannei% 
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§ 19. We shall briefly verify these results by a direct investigation of the case of an 
infinitely thin shell. 
Putting as before 



d^ d^ 



sin 0dc[> 



dO 



(36) 



and denoting the vector potential of the shell by 



F=0, G= : 



Q/i- ■ |--|" CvJL 

sill ^^^' dO 



( > • « • » • \ ' / 



we know (Maxwell's ' Electricity and Magnetism/ Vol. II, Art. 670) that P is the 
scalar potential of a shell of matter coinciding with the surface of the sphere where 
surface density is 



a 



(38) 



The equations of the currents on the sheet are 



wherein, also, 



I d^ 



sin 6 d<f> 
d^ 



= ojr sin 6. a 



R 



d'\^ 
fdO 

d'KJr 



•^ 



dd 



r sin 0d<l> 



a=- 



sin 9 dd 



• /I "• ft 
. sm U — t:^ h~ 



Cv JT I X f\ 



dd sin^ dcj)^ 



(39) 



as in the foregoing articles, and where also r is to be put equal to a. 
All these equations are satisfied by 



$=^g, ^=Kasin^^, Rx=cu(P+Po) ...... (40) 



d0 



\jj now referring only to the surface of the sheet. 



a 



n+l 



Outside the sheet Pi=C(-j e^'^'^P,/, 



Inside 



ft 



59 



R=C-W-^P 



s 



a. 



n 
m J 



P^^ and Pg being the values due to the currents in the sheet. At the sheet 
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dr dr/r=:si, 

C 
.% (2ta.+ l)-=4^E .......... (41) 

where 

But Pq being =S^e^''''^P^f at the surface of the sheet, equations (40) give 

RE= — comi(C+^)5 
and therefore 

C=-f^%*.(C+it) ......... (42) 

the same result as obtained in the previous article. 



